ABSTRACT. The notion of relatively uniform convergence has been applied in the theory of vector lattices and in the theory of archimedean lattice ordered groups. Let G be an abelian lattice ordered group. In the present paper we introduce the notion of weak relatively uniform convergence (wru-convergence, for short) on G generated by a system M of regulators. If G is archimedean and M = G + , then this type of convergence coincides with the relative uniform convergence on G. The relation of wru-convergence to the o-convergence is examined. If G has the diagonal property, then the system of all convex -subgroups of G closed with respect to wru-limits is a complete Brouwerian lattice. The Cauchy completeness with respect to wru-convergence is dealt with. Further, there is established that the system of all wru-convergences on an abelian divisible lattice ordered group G is a complete Brouwerian lattice.
Introduction
The notion of relatively uniform convergence (ru-convergence, for short) has been applied in the theory of vector lattices (cf. the monographs [2] , [15] , [17] ) and in the theory of archimedean lattice ordered groups (cf. the papers [1] , [3] , [5] , [6] , [7] , [14] , [16] ). Related notions for M V -algebras were studied in [4] .
If H is an abelian lattice ordered group which fails to be archimedean, then the definition of ru-convergence can be used for H, but it has certain rather "pathological" properties, namely whenever n and m are positive integers with n n 1 (b, k), m n 1 (b, k).
A lattice ordered group is Cauchy complete with respect to the convergence α(M ) if, whenever (x n ) is a Cauchy sequence with respect to α(M ), then there exists x ∈ G with x n → α(M ) x.
In the present paper, the basic properties of the α(M )-convergence in an abelian lattice ordered group G are deduced. The relations between α(M )-convergence and o-convergence are examined. The Cauchy completeness of G with respect to α(M )-convergence is investigated. Some results of the paper [14] are extended. We show that if G has the diagonal property, then the system of all α(M )-closed convex -subgroups of G is a complete Browerian lattice. Further, there is proved that the system of all wru-convergences on an abelian divisible lattice ordered group G is also a complete Brouwerian lattice.
Basic properties of α(M )-convergence and examples
In this section, basic properties of α(M )-convergence and some examples will be given. As above, we apply the assumption that G is an abelian lattice ordered group and M is as in Section 1.
The fact that the set M of regulators of convergence is closed with respect to the addition, ensures that the results of Lemmas 2.1-2.5 can be proved in the same way as in [6] .
The first lemma establishes that limits in α(M )-convergence are uniquely determined.
Ä ÑÑ 2.1º
Let (x n ) be a sequence in G and x, y ∈ G. If x n → α(M ) x and x n → α(M ) y, then x = y. Ä ÑÑ 2.2º Let (x n ), (y n ) be sequences in G and x, y ∈ G. If x n → α(M ) x and y n → α(M ) y, then We use the symbol F to denote the set of all sequences in G which are Cauchy with respect to α(M )-convergence.
Example 2.6. Let us modify the previous definition of the convergence α(M ) in such a way that we do not assume all elements of M to be archimedean. Let b ∈ M and suppose that b fails to be archimedean. Hence there exists x ∈ G such that 0 < nx < b for each n ∈ N. Let x n = nx for each n ∈ N. Then we have x n < x n+1 and k|x n − 0| b
Further, let m be a positive integer. If n > m, then for each k ∈ N we get
Thus the number of limits of the sequence (x n ) is infinite. We verified that we arrived at the pathological properties mentioned in Section 1 above. This is the reason to suppose all elements of M to be archimedean.
We remark that the possibility M = {0} is not excluded; in this case, the only α(M )-convergent sequences are those which are eventually constant.
The following example shows that there exists a lattice ordered group G = {0} with 0 being the only archimedean element; in such a case we have M = {0}. Example 2.7. Consider the lexicographic product G = ΓG i (i ∈ N), G i = Z for each i ∈ N where Z is the additive group of all integers with the natural linear order (for the notion of the lexicographic product of partially ordered groups cf., e.g., Fuchs [8] ). The component of an element g ∈ G in G i will be denoted by g(i).
Let 0 < x ∈ G. Then with respect to the order of G, there exists i 0 ∈ N with x(i 0 ) > 0 and x(i) = 0 for each i ∈ N, i < i 0 . Let i 1 ∈ N, i 1 > i 0 . There exists y ∈ G such that y(i 1 ) = 1 and y(i) = 0 for each i ∈ N, i = i 1 . Hence y > 0. We get (ny)(i 1 ) = n and (ny)(i) = 0 for each i ∈ N, i = i 1 . Therefore ny < x for each n ∈ N. Consequently, x cannot be archimedean, so A = {0}. Example 2.8. Let G 1 be any abelian linearly ordered group, G 2 any abelian lattice ordered group, and let G be their lexicographic product. It is easy to verify that for every set M of regulators, the relation M ⊆ {0} × G + 2 holds. Assume that M = {0}.
Let (x n ) be a sequence in G and let
Let (y n ) be a sequence in G, y ∈ G and let y n → α(M ) y. The above considerations entail that there exists n 0 ∈ N with y n (1) = y(1) for each n ∈ N, n n 0 and y n (2) → α(M ) y (2) .
We intend now to generalize the results established in the foregoing two examples.
Let I = ∅ be a linearly ordered set and let A i = {0} be a partially ordered group for each i ∈ I. Suppose that G is the lexicographic product of A i , G = ΓA i (i ∈ I). We distinguish two cases:
(a) The set I has no greatest element. Then all A i are linearly ordered groups.
Zero element 0 is the only archimedean element of G.
For the proof of this, a similar procedure to that in Example 2.7 can be applied. (b) The set I possesses the greatest element i 0 . Then A i 0 is a lattice ordered group and A i is a linearly ordered group for each i ∈ I\{i 0 }. We have
we obtain an analogous result to that in Example 2.8.
The direct product of lattice ordered groups is defined in the usual way. Let G = i∈I G i be the direct product of the system {G i } i∈I and let H be a subset of all elements g ∈ G such that the set i ∈ I : g(i) = 0 is finite. Then H is an -subgroup of G; it is said to be a direct sum of the system {G i } i∈I ; we express this fact by writing H = i∈I G i . If the set I is finite then i∈I G i = i∈I G i . We apply the notion of direct sum to investigate the α(M )-convergence.
Let I be a nonempty set and let G i be an abelian lattice ordered group for each i ∈ I. In the following two lemmas we assume that G is the direct sum of
a set of archimedean elements in G i , which is closed with respect to the addition. We consider M i as the set of convergence regulators in G i . The set of all Cauchy sequences in G i with respect to α(M i )-convergence is denoted by
Lemmas 2.9 and 2.10 are easy to prove. If I is a finite set then also the converse assertions are satisfied. However, if I is infinite, the converses fail to hold in general.
Assuming that the sets M 1 and M 2 are nonempty and closed under the addition, we put
, but not conversely. We will show that the converse implication is valid for a particular type of sets M 1 and M 2 .
Let M be a nonempty subset of A closed under the addition. We form the set
In 2.12-2.14, G is assumed to be an abelian divisible lattice ordered group (for a construction of a divisible lattice ordered group cf., e.g. [10] ).
Ì ÓÖ Ñ 2.12º
The set M is closed with respect to the addition.
For this purpose, suppose that (x n ) is a sequence in G and x ∈ G with the property
The assumption x n b → x is equivalent to |x n −x|
we have y n 0 for all n ∈ N and y n b → 0. Thus for each k ∈ N there exists n 0 ∈ N with the property
Applying the Riesz decomposition property, we get
Whence y → 0. The assumption yields y 
It is easy to see that
. In order to prove the converse implication, we assume that
Let b ∈ A. The convergence α( M b ) is said to be the principal convergence generated by the element b.
As observed earlier in Section 1, b-convergence and α(M b )-convergence coincide. Then we get:
The following conditions are equivalent:
Example 2.15. Let G be the set of all real functions f defined on the interval [0, 1] such that f (1) = 0. Then G is an archimedean lattice ordered group with respect to the operation + and the partial order performed componentwise. Let H be the set of all functions f from G such that there exists 0 < x f < 1 with the property f (x) = 0 whenever
and the function
We see that (f n (x)) is a sequence in H and 0 < g(x) ∈ G\H. It is easy to
→ 0. Finally, we apply Lemma 2.14. 
Cauchy completeness of G and A(G)
Again, let G be an abelian lattice ordered group, A(G) as in Section 1 and let M be as above. If the role of G is to be emphasized, then we write α(M ; G) rather than α(M ).
We obviously have M ⊆ A(G); then from the definition of α(M ; G) we immediately obtain: Ä ÑÑ 3.1º Let (x n ) be a sequence in A(G) and x ∈ A(G). Then the following conditions are equivalent:
Order convergence (o-convergence) of a sequence (x n ) in G to an element x ∈ G will be denoted by
Also, the following assertion is easy to verify.
Ä ÑÑ 3.2º
Let (x n ) be a sequence in G and x ∈ G. Then the following conditions are equivalent:
Assume that (x n ) is a sequence in G, x ∈ G and that
Thus there exists b ∈ M and m ∈ N such that |x n − x| b for each n ∈ N with n m. Denote |x n − x| = y n . Hence y n ∈ A(G) for n m. Also,
Then according to Lemma 3.1, we have
Assume that the lattice ordered group A(G) is either σ-complete or divisible. Then according to [14, Proposition 3.4, Proposition 3.5], we obtain that the sequence (y m+n ) o-converges to 0 in A(G). From this and from the fact that A(G) is a convex -subgroup of G we conclude that the sequence (y m+n ) o-converges to 0 in G. Then Lemma 3.2 yields that the sequence (y n ) o-converges to 0 in G. Due to the definition of y n we get that the sequence (x n ) o-converges to x in G.
Therefore we obtain: We remark that when speaking about Cauchy completeness in this section, we always consider this notion with respect to a convergence generated by a fixed system M of regulators. Conversely, assume that (ii) is satisfied. Let (x n ) be a Cauchy sequence (with respect to α(M )) in G. Hence there exists b ∈ M such that for each k ∈ N there exists n k ∈ N with k|x n − x m | b whenever n, m n k .
Assume that the archimedean kernel A(G) of
For each n ∈ N, let us put
Let us notice that
for all n, m n k , we infer that (y n ), just like (y n+n 1 
) is a Cauchy sequence in A(G). By (ii), there exists y ∈ A(G) such that
Then y n+n 1 → α(M ;G) y and this implies that
Therefore (x n ) is convergent with respect to α(M ). Thus the condition (i) is satisfied. Š TEFANČERNÁK -JÁN JAKUBÍK

Dedekind completion
In the present section we deduce some results concerning Dedekind completions of lattice ordered groups. We apply the notation as in [8, Chapter §10] with the distinction that the group operation is written additively.
We recall some relevant notions. Let G be a lattice ordered group. For each nonempty upper bounded subset X of G we denote by U (X) the set of all upper bounds of X; further, let X # = L(U (X)) be the set of all lower bounds of U (X). The system of all such sets X # will be denoted by D 0 (G); this system is partially ordered by the set-theoretical inclusion. For X # and Y # from D 0 (G) we put
Further, let D(G) be the set of all sets X # having the property that there exists Y # ∈ D 0 (G) with
Then (cf. [8]) D(G) is closed with respect to the operation + 1 . If we consider the mapping G → D(G) defined by
then we obtain an embedding of G into D(G). In fact, we will identify x and {x} # ; in this way, G turns out to be an -subgroup of D
(G). We say that D(G) is the Dedekind completion of G.
We denote by D the class of all lattice ordered groups G such that G = D(G). Obviously, each complete lattice ordered group belongs to D. On the other hand, a lattice ordered group belonging to D need not be complete. A necessary and sufficient condition for a lattice ordered group G to belong to D is given in [9] .
The notion of a generalized Dedekind completion D 1 (G) of a lattice ordered group G has been introduced and studied in [11] ; cf. also [12] and [13] ; we recall the relevant basic facts.
Let G be a lattice ordered group. There exists a lattice ordered group D 1 (G) such that the following conditions are fulfilled:
The lattice ordered group D 1 (G) is said to be the generalized Dedekind completion of G. A constructive description of D 1 (G) was presented in [11] .
In fact, D 1 (G) is an amalgam of lattice ordered groups G and D(A(G)) with the common -subgroup A(G). The generalized Dedekind completion D 1 (G) is uniquely determined, up to isomorphisms leaving all elements of
There exists an abelian lattice ordered group G such that D 1 (G) fails to be isomorphic to D(G) (cf. [13] 
We remark that since the lattice ordered group A(G) is archimedean, D(A(G)) = D 1 (A(G)). Thus the relation given in Proposition 4.1 can be written in the form
It is well-known that the Dedekind completion of an archimedean lattice ordered group is a complete lattice ordered group. Hence applying Proposition 4.1 we get: 
Ä ÑÑ 4.2º For each lattice ordered group G, the lattice ordered group
A(D 1 (G)) is complete.
A(D(G)) = D(A(G))
is valid. 
α(M )-closed convex -subgroups
We assume that M is closed under the addition. The set c(G) of all convex -subgroups of G is a complete lattice under the set inclusion. The lattice operations in c(G) will be denoted by ∧ and ∨. Let
i∈I G i coincides with the lattice operation of join in the lattice of all subgroups of G, i.e., it is the subgroup of G generated by the subgroups
The set of all α(M )-closed convex -subgroups of G will be denoted by cl(G). Let {G i : i ∈ I} ⊆ cl(G). It is easy to check that i∈I G i ∈ cl(G). As G ∈ cl(G), the set cl(G) is a complete lattice under the set inclusion. The lattice operations in cl(G) will be denoted by and ; thus
Assume that A is a convex -subgroup of G. Let {A i : i ∈ I} be the system of all elements of cl(G) with
The following lemma is easy to verify. Let A be a convex -subgroup of G. We denote by A the set of all elements x of G such that there exists a sequence (
It is easy to verify that without loss of generality we can suppose that x n 0 for each n ∈ N. Hence, (x n ∧ y) is a sequence in A and
In [15] there is defined a diagonal property for relatively uniform convergence in a vector lattice. This notion can be defined analogously for α(M )-convergence in G. The definition is as follows.
We say that the lattice ordered group G has the diagonal property if the following condition is satisfied:
Let (x nk ) be a double sequence in G, (x n ) a sequence in G and
The proof is analogous to that in vector lattices for relatively uniform convergence [15] .
Conversely, we will show that A ∩ B ⊆ A ∩ B. With respect to hypothesis and Lemma 5.4, we have to verify that A ∩ B ⊆ (A ∩ B) . Let 0
x ∈ A ∩ B . Then there are sequences (x n ) in A and (y n ) in B such that x n → α(M ) x and y n → α(M ) x in G. Similarly as in the proof of Lemma 5.3, we can suppose that x n , y n 0 for any n ∈ N. The sequence (x n ∧y n ) is in A∩B and x n ∧y n → α(M ) x in G. This yields that x ∈ (A ∩ B) . Therefore, we obtain the desired result. 
The system s(G)
Let s(G) be the system of all wru-convergences on G (for all possible ∅ = M ⊆ A closed under the addition). It will be established that s(G) is a complete Brouwerian lattice.
Ä ÑÑ 6.1º (Cf. [11] 
Let b 1 , . . . , b n ∈ A. Applying Lemma 6.2 and by induction we obtain b 1 
When dealing with regulators of a relative uniform convergence, in some situations, it seems to be more convenient to proceed without the assumption that the set M under consideration is closed with respect to the addition.
Thus, we introduce the following definition. Let M be a nonempty subset of A, (x n ) a sequence in G and x ∈ G. We say
m).
Remark that α 0 (M )= α(M ) whenever M is closed with respect to the addition.
Given ∅ = M ⊆ A, the symbol M 0 will denote the set consisting of all elements b ∈ G which can be expressed in the form
0 is closed with respect to the addition and
Analogously to definition of M in Section 2, we define the set
In 6.3-6.7, we assume that G is an abelian divisible lattice ordered group.
Ä ÑÑ 6.3º Let ∅ = M ⊆ A. Then the set M is closed with respect to the addition.
P r o o f. It is easy to verify that the relations
are fulfilled. By 2.12, M 0 is closed under the addition. Then (2) completes the proof.
P r o o f. In view of (2) and 2.12 we have
It is easy to see that M ⊆ M , 0 ∈ M , M is a convex subset of A and that M is the greatest of all ∅ = M ⊆ A, with α 0 (M ) = α 0 (M ).
The proof of the following lemma is analogous to that of Lemma 2.13. 
Ä ÑÑ
is valid.
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prove that the relation
holds.
In view of (3) and (4) we get
To prove that the relation (6) x and the proof is finished.
